Background {#Sec1}
==========

How to deal with boundary value problems has always been a essential part of partial differential equation. Finite difference method (FDM) (Evans [@CR7]) and finite element method (FEM) (Brenner and Scott [@CR1]) are the most widely used method to solve PDE numerically. These two methods become in vain when it comes to the problem over unbounded domain. To overcome this, boundary element method (BEM), which can reduce the dimension of the computational domain and is suitable for solving problems in the unbounded domains, is proposed in Feng ([@CR8]). Although, it is better to handle BEM with infinite regions, it doesn't work so well as FEM in bounded ones. Hence, the coupling of BEM and FEM becomes the interest of researchers. Papers MacCamy and Marin ([@CR24]), Hsiao and Porter ([@CR16]), Wendland ([@CR25]), Costabel ([@CR2]), Han ([@CR15]) had focused on this method. In [@CR10], Feng firstly proposed a direct and natural coupling method. Later in the same year, Feng and Yu ([@CR9]) formally named the method as natural boundary element method (NBEM). Meanwhile, the DtN method, which has the similar principle with NBEM, is proposed in Keller and Givoli ([@CR20]), Grote and Keller ([@CR14]). Du and Yu ([@CR6]), Hu and Yu ([@CR17]), Gatica et al. ([@CR11]), Koyama ([@CR21]), Koyama ([@CR22]), Das and Mehrmann ([@CR4]), Das and Natesan ([@CR5]), Das ([@CR3]) and references therein present the applications of this methods.

Among the reasons that effects the NBEM, the shape of artificial boundary is the essential one. Classically, circle (Givoli and Keller [@CR12]) and spherical (Grote and Keller [@CR14]; Wu and Yu [@CR26], [@CR27]) are chosen as the artificial boundaries. Few papers Grote and Keller ([@CR14]), Wu and Yu ([@CR28]), Huang and Yu ([@CR19]) focus on the special artificial boundaries. These papers also proved the classic artificial boundaries were not suitable for the problem with irregular shape. On the other hand, the coupling of FEM and BEM are not enough as the performance of computer developed. The domain decomposition method (DDM) (Brenner and Scott [@CR1]), which separates the infinite region as sum of bounded one and unbounded one with an artificial boundary on which an iteration method is constructed in, is applied on the NBEM (Yu [@CR29]). Wu and Yu ([@CR28]) applied this method over an infinite region. Continually, Huang et al. ([@CR18]) and Luo et al. ([@CR23]) applied this method in different problems.

In this paper, we consider the anisotropic harmonic problem over an exterior three-dimensional domain. A Schwartz alternating method is designed for the numerical solution with prolate artificial boundaries.

The outline of the paper is as follows. In "[Schwarz alternating algorithm based on NBR](#Sec2){ref-type="sec"}" section, we divide the original domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _2$$\end{document}$, then we construct the Schwarz alternating algorithm. We prove the convergence of the algorithm in "[Convergence of the algorithm](#Sec3){ref-type="sec"}" section. The convergence rate of the algorithm is analysed in the "[Analysis of the convergence rate](#Sec4){ref-type="sec"}" section. In "[The error estimates of the algorithm](#Sec5){ref-type="sec"}" section, we deduce the error estimates of the discrete algorithm. In "[Numerical results](#Sec6){ref-type="sec"}" section, numerical examples are computed to express the advantages of this method. Finally, we give some conclusions in "[Conclusions](#Sec7){ref-type="sec"}" section.

Schwarz alternating algorithm based on NBR {#Sec2}
==========================================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega \subset R^{3}$$\end{document}$ be a cuboid Lipschitz unbounded domain and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _{0}=\partial \Omega $$\end{document}$ is its boundary. We consider the following exterior Dirichlet problem$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{ll} \displaystyle -\left( K_{1}\frac{\partial ^{2}}{\partial {x^{2}}}+K_{1}\frac{\partial ^{2}}{\partial {y^{2}}}+ K_{2}\frac{\partial ^{2}}{\partial {z^{2}}}\right) u=0, &{}\quad {\hbox {in}}\, \Omega , \\ u=g, &{}\quad {\hbox {on}}\,\Gamma _0, \\ u \rightarrow 0 &{}\quad {\hbox {as}}\, r\rightarrow \infty , \end{array} \right. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$r=\sqrt{x^2+y^2+z^2}$$\end{document}$. The third item of Eq. ([1](#Equ1){ref-type=""}) keeps the existence and uniqueness of the solution.
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                \begin{document}$$\Gamma _1$$\end{document}$ (see Fig. [1](#Fig1){ref-type="fig"}).Fig. 1Domain participation

According to DDM (Brenner and Scott [@CR1]), we construct the Schwarz alternating method as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{ll} \displaystyle -\left( K_{1}\frac{\partial ^{2}}{\partial {x^{2}}}+K_{1}\frac{\partial ^{2}}{\partial {y^{2}}} +K_{2}\frac{\partial ^{2}}{\partial {z^{2}}}\right) u^{(2k+1)}_{1}=0, &{}\quad {\hbox {in}} \,\Omega _1, \\ u^{(2k+1)}_{1}=u^{(2k)}_{2}, &{}\quad {\hbox {on}} \,\Gamma _1,\\ u^{(2k+1)}_{1}=g, &{}\quad {\hbox {on}}\,\Gamma _0, \end{array} \right. \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{ll} \displaystyle -\left(K_{1}\frac{\partial ^{2}}{\partial {x^{2}}}+K_{1}\frac{\partial ^{2}}{\partial {y^{2}}} +K_{2}\frac{\partial ^{2}}{\partial {z^{2}}}\right) u^{(2k+2)}_{2}=0, &\quad {\hbox{in}}\;\Omega _2, \\ u^{(2k+2)}_{2}=u^{(2k+1)}_{1}, &\quad {\hbox{on}}\;\Gamma _2, \\ u^{(2k+2)}_{2} \rightarrow 0, &\quad {\hbox {as}}\; r \rightarrow \infty , \end{array} \right. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=0,1,\ldots $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_2^{(0)}=\widetilde{u}$$\end{document}$.

Setting the initial value of function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_2^{(0)}$$\end{document}$ on boundary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _1$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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By the above description, obviously, we applied FEM in the problem over $\documentclass[12pt]{minimal}
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For simplicity, the problem ([5](#Equ5){ref-type=""}) can be expressed as$$\documentclass[12pt]{minimal}
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Convergence of the algorithm {#Sec3}
============================
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**Theorem 1** {#FPar1}
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Analysis of the convergence rate {#Sec4}
================================

By Theorem 1, one may find the convergence rate of the above Schwarz alternating algorithm is closely related to the contraction factor $\documentclass[12pt]{minimal}
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We consider the following boundary value problem over domain $\documentclass[12pt]{minimal}
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**Lemma 1** {#FPar2}
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**Lemma 2** {#FPar3}
-----------
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*Proof* {#FPar4}
-------
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On the other hand, ([21](#Equ21){ref-type=""}) can be easily proved by the proposition of Huang and Yu ([@CR19]),

**Theorem 2** {#FPar5}
-------------
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*Proof* {#FPar6}
-------

Similar to ([8](#Equ8){ref-type=""}), so the solution of the unbounded problem outside of $\documentclass[12pt]{minimal}
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Obviously, ([23](#Equ23){ref-type=""}) can be proved with similar process. Finally, the theorem is proved.

*Remark* {#d30e9214}
--------

The convergence is related on the overlapping part of $\documentclass[12pt]{minimal}
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The error estimates of the algorithm {#Sec5}
====================================
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**Theorem 3** {#FPar7}
-------------

*For the discrete Schwarz alternating algorithm and the constant*$\documentclass[12pt]{minimal}
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Numerical results {#Sec6}
=================

Some numerical examples are computed to show the efficiency of our algorithm in this section. Using the method developed in "[Schwarz alternating algorithm based on NBR](#Sec2){ref-type="sec"}" section. The linear elements is used in the computation of FEM. Computationally, we consider on three meshes: Mesh I, Mesh II and Mesh III. Each mesh is a refinement of its former one, especially as Mesh I is the primary. The refinement is defined as each of elements of the former mesh is divided into eight similar shape equally.
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*Example 1* {#FPar8}
-----------
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By the theoretical analysis, we take two confocal prolate ellipsoidal surfaces as artificial boundaries, which can be expressed as $\documentclass[12pt]{minimal}
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Fig. 2Maximal errors in relative maximum norm
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Fig. 3Maximal errors in relative maximum norm

The data of Tables [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"} show us a good convergence. And the analysis of the numbers can be similar to Example 1.

Conclusions {#Sec7}
===========

In this paper, we construct a Schwarz alternating algorithm for the anisotropic problem on the unbounded domain. The algorithm uses the DDM based on FEM and natural boundary element method. The theoretical analysis shows its convergence is first-order. Further, the rate of convergence is dependent on the overlapping domain. Some numerical examples testify the theoretical conclusions. We can investigate the Schwarz alternating algorithm for anisotropic problem with three different parameters over unbounded domain. Full details and results will be given in a future publication.
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